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Abstract. The paper presents a general method of imposing constraints
in formal concept analysis of tabular data describing objects and their
attributes. The constraints represent a user-defined requirements which
are supplied along with the input data table. The main effect is to filter-
out outputs of the analysis (conceptual clusters and if-then rules) which
are not compatible with the constraint, in a computationally efficient
way (polynomial time delay algorithm without the need to compute all
outputs). Our approach covers several examples studied before, e.g. ex-
traction of closed frequent itemsets in generation of non-redundant as-
sociation rules. We present motivations, foundations, and examples.

1 Introduction and Motivation

Formal concept analysis (FCA) is a method of data analysis and visualization
which deals with input data in the form of a table describing objects (rows),
their attributes (columns), and their relationship (table entries ×’s and blanks
indicate whether or not object has attribute) [4, 6]. Basic outputs of FCA are
the following: First, a collection of maximal rectangles of the table which are
full of ×’s. These rectangles are interpreted as concept-clusters (so-called formal
concepts), can be hierarchically ordered and form a so-called concept lattice.
Second, a (non-redundant) set of if-then rules describing attribute dependencies
(so-called attribute implications). FCA proved to be useful in several fields either
as a direct method of data analysis, see e.g. [4], the references therein and also
[5, 11], or as a preprocessing method, see e.g. [12]. In the basic setting, it is
assumed that no further information is supplied at the input except for the
data table. However, it is often the case that there is an additional information
available in the form of a constraint (requirement) specified by a user. In such a
case, one is not interested in all the outputs (maximal full rectangles or if-then
rules) but only in those which satisfy the constraint. The other outputs may
be left out as non-interesting. This way, the number of outputs is reduced by
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focusing on the “interesting ones”. Needless to say, the general idea of constraints
is not new. A reader can find examples of using constraints in data mining in [3].

In this paper, we develop a method of constraints in FCA which are expressed
by means of closure operators. The constraints can be used both for constraining
maximal rectangles and if-then rules. Our approach is theoretically and computa-
tionally tractable and covers several interesting forms of constraints. For instance,
one can set the closure operator in such a way that the maximal full rectangles sat-
isfying the constraint correspond exactly to closed frequent itemsets [10], used e.g.
in generating non-redundant association rules [12], see also Section 4. As another
example, one can set the closure operator in such a way that at the output one
gets exactly the formal concepts respecting a given hierarchy of attributes (a user
tells some attributes are more important than others), see [1].

In Section 2, we present preliminaries from FCA. Section 3 presents our ap-
proach, theoretical foundations, and algorithms. In Section 4, we present several
examples of constraints by closure operators and demonstrating examples. Sec-
tion 5 is a summary and an outline of future research.

2 Preliminaries

In what follows, we summarize basic notions of FCA. An object-attribute data ta-
ble describing which objects have which attributes can be identified with a triplet
〈X, Y, I〉 where X is a non-empty set (of objects), Y is a non-empty set (of at-
tributes), and I ⊆ X×Y is an (object-attribute) relation. Objects and attributes
correspond to table rows and columns, respectively, and 〈x, y〉 ∈ I indicates that
object x has attribute y (table entry corresponding to row x and column y con-
tains ×; if 〈x, y〉 �∈ I the table entry contains blank symbol). In the terminology
of FCA, a triplet 〈X, Y, I〉 is called a formal context. For each A ⊆ X and B ⊆ Y
denote by A↑ a subset of Y and by B↓ a subset of X defined by

A↑ = {y ∈ Y | for each x ∈ A : 〈x, y〉 ∈ I},

B↓ = {x ∈ X | for each y ∈ B : 〈x, y〉 ∈ I}.

That is, A↑ is the set of all attributes from Y shared by all objects from A (and
similarly for B↓). A formal concept in 〈X, Y, I〉 is a pair 〈A, B〉 of A ⊆ X and
B ⊆ Y satisfying A↑ = B and B↓ = A. That is, a formal concept consists of a
set A (so-called extent) of objects which fall under the concept and a set B (so-
called intent) of attributes which fall under the concept such that A is the set of
all objects sharing all attributes from B and, conversely, B is the collection of all
attributes from Y shared by all objects from A. Alternatively, formal concepts
can be defined as maximal rectangles of 〈X, Y, I〉 which are full of ×’s: For A ⊆ X
and B ⊆ Y , 〈A, B〉 is a formal concept in 〈X, Y, I〉 iff A× B ⊆ I and there is no
A′ ⊃ A or B′ ⊃ B such that A′ × B ⊆ I or A × B′ ⊆ I.

A set B(X, Y, I) = {〈A, B〉 | A↑ = B, B↓ = A} of all formal concepts in data
〈X, Y, I〉 can be equipped with a partial order ≤ (modeling the subconcept-
superconcept hierarchy, e.g. dog ≤ mammal) defined by

〈A1, B1〉 ≤ 〈A2, B2〉 iff A1 ⊆ A2 (iff B2 ⊆ B1). (1)
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Note that ↑ and ↓ form a so-called Galois connection [6] and that B(X, Y, I) is
in fact a set of all fixed points of ↑ and ↓. Under ≤, B(X, Y, I) happens to be
a complete lattice, called a concept lattice of 〈X, Y, I〉, the basic structure of
which is described by the so-called main theorem of concept lattices [6]:

Theorem 1. (1) The set B(X, Y, I) is under ≤ a complete lattice where the
infima and suprema are given by

∧
j∈J 〈Aj , Bj〉 = 〈

⋂
j∈J Aj , (

⋃
j∈J Bj)↓↑〉,

∨
j∈J 〈Aj , Bj〉 = 〈(

⋃
j∈J Aj)↑↓,

⋂
j∈J Bj〉.

(2) Moreover, an arbitrary complete lattice V = 〈V, ≤〉 is isomorphic to
B(X, Y, I) iff there are mappings γ : X → V , µ : Y → V such that

(i) γ(X) is
∨

-dense in V, µ(Y ) is
∧

-dense in V;
(ii) γ(x) ≤ µ(y) iff 〈x, y〉 ∈ I.

For a detailed information on formal concept analysis we refer to [4, 6] where a
reader can find theoretical foundations, methods and algorithms, and applica-
tions in various areas.

Recall that a closure operator in a set Y is a mapping C : 2Y → 2Y satisfying

B ⊆ C(B),
B1 ⊆ B2 implies C(B1) ⊆ C(B2),
C(C(B)) = C(B)

for any B, B1, B2 ∈ 2Y , see e.g. [6].

3 Constraints by Closure Operators

Selecting “interesting” formal concepts from B(X, Y, I) needs to be accompa-
nied by a criterion of what is interesting. Such a criterion can be seen as a
constraint and depends on particular data and application. Therefore, the con-
straint should be supplied by a user along with the input data 〈X, Y, I〉. One way
to specify “interesting concepts” is to focus on concepts whose sets of attributes
are “interesting”. This seems to be natural because “interesting concepts” are
determined by “interesting attributes/properties of objects”. Thus, for a formal
context 〈X, Y, I〉, the user may specify a subset Y ′ ⊆ 2Y such that B ∈ Y ′ iff
the user considers B to be an interesting set of attributes. A formal concept
〈A, B〉 ∈ B(X, Y, I) can be then seen as “interesting” if B ∈ Y ′. In this section
we develop this idea provided that the selected sets of attributes which are taken
as “interesting” form a closure system on Y .

3.1 Interesting Formal Concepts (Maximal Full Rectangles)

We start by formalizing interesting sets of attributes using closure operators.
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Definition 1. Let Y be a set of attributes, C : 2Y → 2Y be a closure operator on
Y . A set B ⊆ Y of attributes is called a C-interesting set of attributes (shortly,
a set of C-attributes) if B = C(B).

Throughout the paper, Y denotes a set of attributes and C : 2Y → 2Y denotes a
closure operator on Y . Described verbally, Definition 1 says that C-interesting
sets of attributes are exactly the fixed points of the closure operator C. Thus,
given any set B ⊆ Y of attributes, C(B) can be seen as the least set of C-
interesting attributes containing B.

Remark 1. (1) Representing interesting sets of attributes by closure operators
has technical as well as epistemic reasons. Specifying particular C : 2Y → 2Y ,
we prescribe a particular meaning of “being interesting”. Given a set B ⊆ Y
of attributes, either we have B = C(B), i.e. B is C-interesting, or B ⊂ C(B)
which can be read: “B is not C-interesting, but additional attributes C(B) − B
would make B interesting”. Thus, C can be seen as an operator describing which
attributes must be added to a set of attributes to make it interesting.

(2) A definition of C depends on particular application. In our approach, we
assume that C is any closure operator, covering thus all possible choices of C. On
the other hand, in real applications, it is necessary to have a collection of easy-
to-understand definitions of such closure operators. In Section 4 we give several
examples to define C which are intuitively clear for an inexperienced user.

Definition 2. Let 〈X, Y, I〉 be a formal context, C : 2Y → 2Y be a closure
operator on Y . We put

BC(X, Y, I) = {〈A, B〉 ∈ 2X × 2Y | A↑ = B, B↓ = A, B = C(B)}, (2)
ExtC(X, Y, I) = {A ⊆ X | there is B ⊆ Y such that 〈A, B〉 ∈ BC(X, Y, I)}, (3)
IntC(X, Y, I) = {B ⊆ Y | there is A ⊆ X such that 〈A, B〉 ∈ BC(X, Y, I)}. (4)

Each 〈A, B〉 ∈ BC(X, Y, I) is called a C-interesting concept (C-concept); A ∈
ExtC(X, Y, I) is called a C-interesting extent (C-extent); B ∈ IntC(X, Y, I) is
called a C-interesting intent (C-intent).

Remark 2. (1) According to Definition 2, 〈A, B〉 is a C-concept iff 〈A, B〉 is a
concept (in the ordinary sense) such that B is a set of C-attributes. Therefore,
C-concepts 〈A, B〉 can be seen as maximal rectangles in the input data table
which are full of ×’s, see Section 2, with B being closed under C. Notice that
two boundary cases of closure operators on Y are (i) C(B) = B (B ∈ 2Y ), (ii)
C(B) = Y (B ∈ 2Y ). For C defined by (i), the notion of a C-concept coincides
with that of a concept. In this case, BC(X, Y, I) equals B(X, Y, I). In case of (ii),
BC(X, Y, I) is a one-element set (not interesting).

(2) Observe that B is a C-intent iff B = B↓↑ = C(B). Denoting the set of all
fixed points of C by fix(C), we have IntC(X, Y, I) = Int(X, Y, I) ∩ fix(C).

The following assertion characterizes the structure of C-concepts:
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Theorem 2. Let 〈X, Y, I〉 be a formal context, C : 2Y → 2Y be a closure opera-
tor. Then BC(X, Y, I) equipped with ≤ defined by (1) is a complete lattice which
is a

∨
-sublattice of B(X, Y, I).

Proof. In order to show that BC(X, Y, I) equipped with ≤ is a complete lat-
tice, it suffices to check that IntC is closed under arbitrary infima. Take an
indexed system {Bi ∈ IntC(X, Y, I) | i ∈ I} of C-intents. Since Bi ∈ Int(X, Y, I),
Theorem 1 gives that

⋂
i∈I Bi ∈ Int(X, Y, I). Now, it remains to prove that

B =
⋂

i∈I Bi is a set of C-attributes. Since each Bi is a set of C-attributes and
C is a closure operator, we get B =

⋂
i∈I Bi =

⋂
i∈I C(Bi) = C

(⋂
i∈I C(Bi)

)
=

C
(⋂

i∈I Bi

)
= C(B). Hence, B =

⋂
i∈I Bi is a set of C-attributes. Altogether,

B ∈ IntC(X, Y, I). To see that BC(X, Y, I) is a
∨

-sublattice of B(X, Y, I) observe
that Int(X, Y, I) and IntC(X, Y, I) agree on arbitrary intersections and then ap-
ply Theorem 1. ��

Remark 3. For each context 〈X, Y, I〉, Y ∈ Int(X, Y, I) and C(Y ) = Y because C
is extensive. Therefore, Y ∈ IntC(X, Y, I), i.e. the set of all attributes determines
the least C-concept of BC(X, Y, I), see (1). This might seem strange at first sight
because the least C-concept of BC(X, Y, I) which is also the least concept of
B(X, Y, I) is rather not interesting—it is basically a concept of objects having
all attributes. It might be tempting to “remove this concept from BC(X, Y, I)”,
however, this would dissolve important structural properties of BC(X, Y, I). For
instance, after the removal, BC(X, Y, I) would not be a lattice in general.

We now focus on the computational aspects of generating all C-concepts. The
naive way to compute BC(X, Y, I) is to find B(X, Y, I) first and then go through
all of its concepts and filter out the C-concepts. This method is not efficient
because in general, BC(X, Y, I) can be considerably smaller than B(X, Y, I). In
the sequel we show that BC(X, Y, I) can be directly computed using Ganter’s
NextClosure [6] algorithm without the need to compute B(X, Y, I).

In order to use the NextClosure [6] algorithm, we need to combine together
two closure operators: ↓↑ (operator induced by the Galois connection given by
a formal context 〈X, Y, I〉) and C (operator specifying interesting sets of at-
tributes). For any B ⊆ Y define sets Bi (i ∈ N0) and C(B) of attributes as
follows:

Bi =
{

B if i = 0,

C(Bi−1
↓↑) if i ≥ 1.

(5)

C(B) =
⋃∞

i=1 Bi. (6)

Theorem 3. Let Y be a finite set of attributes, 〈X, Y, I〉 be a formal context,
C : 2Y → 2Y be a closure operator on Y , C be defined by (6). Then C : 2Y → 2Y

is a closure operator such that B = C(B) iff B ∈ IntC(X, Y, I).

Proof. Since both ↓↑ and C are closure operators, B0 ⊆ B1 ⊆ · · · , and Bi ⊆ C(B)
for each i ∈ N0. Extensivity and monotony of ↓↑ and C yield extensivity and
monotony of C. To check idempotency of C, we show C((C(B))↓↑) ⊆ C(B) for
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Input: 〈X, Y, I〉
Output: IntC(X, Y, I)

B := ∅, IntC(X, Y, I) := ∅
while B �= Y :

B := B+

add B to IntC(X, Y, I)

Input: 〈X, Y, I〉
Output: PC (C-pseudo-intents of 〈X, Y, I〉)

B := ∅, PC := ∅
if B �= C(B): add B to PC

while B �= Y :
T := {P ⇒ C(P ) | P ∈ PC}
B := B+

T

if B �= C(B): add B to PC

Fig. 1. Algorithms for computing C-intents (left) and C-pseudo-intents (right); B+

denotes the lectically smallest fixed point of C which is a successor of B; B+
T denotes

the lectically smallest fixed point of clT which is a successor of B

each B ⊆ Y . For each y ∈ C(B) denote by iy an index iy ∈ N such that y ∈ Biy ,
where Biy is defined by (5). We have C(B) =

⋃
y∈C(B) Biy . Since Y is finite, C(B)

is finite, i.e. for an index i = max{iy | y ∈ C(B)}, we have C(B) = Bi, where Bi

is defined by (5). Therefore, C((C(B))↓↑) = C(Bi
↓↑) = Bi+1 ⊆ C(B), i.e. C is

idempotent. Altogether, C is a closure operator. We now prove that B = C(B)
iff B ∈ IntC(X, Y, I).

“⇒”: Let B = C(B). Using the above idea, C(B) = Bi for some index i ∈ I.
Therefore, B = Bi = C(Bi−1

↓↑) for some i ∈ I which proves that B is a set
of C-attributes. Moreover, B↓↑ = Bi

↓↑ ⊆ C(Bi
↓↑) = Bi+1 ⊆ C(B) = B, i.e.

B ∈ Int(X, Y, I). Putting it together, B ∈ IntC(X, Y, I).
“⇐”: Let B ∈ IntC(X, Y, I). By definition, B = C(B) and B = B↓↑. Thus,

for each i ∈ N, Bi = B, yielding B = C(B). ��
Theorem 3 gives a way to compute C-interesting intents and thus the complete
lattice of C-concepts in case of finite Y : we can use Ganter’s NextClosure [6] algo-
rithm for computing fixed points of closure operators because the C-interesting
intents are exactly the fixed points of C. The algorithm is depicted in Fig. 1 (left).

Remark 4. Notice that NextClosure, being used in Fig.1 to compute the fixed
points of C, works with polynomial time delay provided that C(B) (B ⊆ Y ) can
be computed with a polynomial time complexity. Indeed, for each B ⊆ Y , B↓↑

can be computed with a polynomial time delay (well-known fact). Since Y is
finite, there is an index i ≤ |Y | such that C(B) = Bi, where Bi is defined by (5).
Thus, if C(B) can be computed in a polynomial time, NextClosure can use C
with a polynomial time delay (the same complexity as if NextClosure were using
↓↑). In practical applications, the computation of C(B) is usually more time con-
suming than the computation of B↓↑. Still, the number of C-interesting concepts
is usually much smaller than the number of all concepts, thus, NextClosure with
C is in most situations considerably faster than NextClosure with ↓↑.

3.2 Bases of Interesting Attribute Implications

In this section we show that each lattice of C-concepts can be alternatively de-
scribed by particular sets of “interesting” implications between attributes. We
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present a way to compute minimal sets of such implications. We suppose that
Y is finite. Recall basic notions of attribute implications and their validity [6, 7]:
an attribute implication (over attributes Y ) is an expression A ⇒ B, where
A, B ∈ 2Y are sets of attributes. An attribute implication A ⇒ B is true in
M ⊆ Y , written M |= A ⇒ B, if A ⊆ M implies B ⊆ M . Given a set T of
attribute implications, M ⊆ Y is called a model of T if, for each A ⇒ B ∈ T ,
M |= A ⇒ B. The system of all models of T is denoted by Mod(T ).

If we focus only on “interesting models” of sets of attribute implications (or
sets of “interesting attribute implications”), we naturally come to the following
notions of a C-implication and a C-model:

Definition 3. Let Y be a set of attributes, C : 2Y → 2Y be a closure operator,
T be a set of attribute implications in Y . An attribute implication A ⇒ B in Y
is called a C-implication if A and B are sets of C-attributes. M ⊆ Y is called
a C-model of T if M is a set of C-attributes and M ∈ Mod(T ). Denote by
ModC(T ) the system of all C-models of T .

Using the notion of a C-model, we define sets of attribute implications which
are C-complete in a given formal context:

Definition 4. Let 〈X, Y, I〉 be a formal context, C : 2Y → 2Y be a closure
operator. A set T of attribute implications is called C-complete in 〈X, Y, I〉 if

ModC(T ) = IntC(X, Y, I). (7)

A set T of C-implications is called a C-basis of 〈X, Y, I〉 if T is C-complete in
〈X, Y, I〉 and no proper subset of T is C-complete in 〈X, Y, I〉.

Remark 5. (1) Described verbally, a set T of attribute implications is C-complete
if the C-models of T are exactly the C-interesting intents. From this point of
view, a C-complete set of attribute implications fully describes the lattice of C-
concepts using the notion of a C-model. A C-basis is a set of C-implications
T (i.e., implications of the form “set of C-attributes A implies a set of C-
attributes B”) fully describing C-concepts so that one cannot remove any C-
implication from T without losing C-completeness. Hence, C-bases are the least
C-complete sets of C-implications.

(2) In general, a C-complete set T of attribute implications (C-implications)
has models which are not C-models. Also note that if C is given by C(B) = B
(B ∈ 2Y ), then the notions of a C-model and a C-completeness coincide with
that of a model and a completeness [6].

We now show a way to find particular C-bases. For that purpose, we introduce
the following generalized notion of a pseudo-intent:

Definition 5. Let 〈X, Y, I〉 be a formal context, C : 2Y → 2Y be a closure
operator, C be defined by (6). A set P of C-attributes is called a C-pseudo-intent
of 〈X, Y, I〉 if P ⊂ C(P ) and, for each C-pseudo-intent Q of 〈X, Y, I〉 such that
Q ⊂ P , we have C(Q) ⊆ P .
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If C is the identity mapping, the notion of a C-pseudo-intent coincides with the
notion of a pseudo-intent, see [6, 7]. All C-pseudo-intents determine a C-basis of
a given formal context:

Theorem 4. Let 〈X, Y, I〉 be a formal context, C : 2Y → 2Y be a closure oper-
ator, C be defined by (6). Then

T = {P ⇒ C(P ) | P is a C-pseudo-intent of 〈X, Y, I〉} (8)

is a C-basis of 〈X, Y, I〉.

Proof. We first check that T given by (8) is C-complete, i.e. we check equality
(7) by showing both inclusions.

“⊆”: Let M ∈ ModC(T ). Thus, M is a set of C-attributes. By contradiction,
let M �= C(M), i.e. M ⊂ C(M) because C is extensive. Now, for each C-pseudo-
intent Q, we have M |= Q ⇒ C(Q) because M is a model of T . Therefore, for
each C-pseudo-intent Q, if Q ⊂ P then C(Q) ⊆ P , i.e. M is a C-pseudo-indent
by Definition 5. On the other hand, M �|= M ⇒ C(M) because C(M) � M , a
contradiction to M ∈ ModC(T ).

“⊇”: Let M ∈ IntC(X, Y, I). Then M = C(M). For each C-pseudo-intent P ,
if P ⊆ M then C(P ) ⊆ C(M) = M , i.e. M |= P ⇒ C(P ).

T is a C-basis: T is obviously a set of C-implications; for each C-pseudo-intent
P , P |= Q ⇒ C(Q) where Q �= P is any C-pseudo-intent. Thus, P is a C-model
of TP = T − {P ⇒ C(P )} which gives ModC(TP ) ⊇ IntC(X, Y, I), i.e. TP is not
C-complete. ��

Due to Theorem 4, in order to get a C-basis of 〈X, Y, I〉, it suffices to compute all
C-pseudo-intents. We now turn our attention to the computation of C-pseudo-
intents. Given a set T of attribute implications define sets BTi , clT (B) (i ∈ N0):

BTi =
{

B if i = 0,
C

(
BTi−1 ∪

⋃
{D | A ⇒ D ∈ T and A ⊂ BTi−1}

)
if i ≥ 1,

(9)

clT (B) =
⋃∞

i=0 BTi . (10)

Operator clT : 2Y → 2Y has the following property:

Theorem 5. Let 〈X, Y, I〉 be a formal context, T be defined by (8), PC be the
system of all C-pseudo-intents of 〈X, Y, I〉. Then clT defined by (10) is a closure
operator such that {clT (B) | B ⊆ Y } = PC ∪ IntC(X, Y, I).

Proof. clT is a closure operator (apply arguments from the proof of Theorem 3).
We check that {clT (B) | B ⊆ Y } = PC ∪ IntC(X, Y, I).

“⊆”: Let B = clT (B). If B �∈ IntC(X, Y, I), it suffices to check that B is a C-
pseudo-intent. Since Y is finite, B = clT (B) = BTi0 for some i0 ∈ N. That is, B is
of the form C(· · ·), yielding that B is a set of C-attributes. Moreover, for each C-
pseudo-intent Q, if Q ⊂ B then C(Q) ⊆ B because B = clT (B) = BTi0 = BTi0+1 .
Therefore, B is a C-pseudo-intent.

“⊇”: Clearly, for each C-intent B, BTi = B (i ∈ N), i.e. B is a fixed point of
clT . The same is true if B is a C-pseudo-intent. ��
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a b c d e f g h i

leech 1 × × ×
bream 2 × × × ×

frog 3 × × × × ×
dog 4 × × × × ×

spike-weed 5 × × × ×
reed 6 × × × × ×
bean 7 × × × ×

maize 8 × × × ×

C0

C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

C11

C12
C13

C14C15

C16
C17

C18

Fig. 2. Context (left) and concept lattice (right); the attributes are: a: needs water to
live, b: lives in water, c: lives on land, d: needs chlorophyll to produce food, e: two seed
leaves, f : one seed leaf, g: can move around, h: has limbs, i: suckles its offspring

Theorem 5 says that the set of all C-pseudo-intents and all C-intents is the set
of all fixed points of clT . This provides us with a way to determine a C-basis:
we can use the NextClosure [6] algorithm to compute all fixed points of clT and
then {P | P = clT (P ) and P �= C(P )} is the system of all C-pseudo-intents, i.e.

T = {P ⇒ C(P ) | P = clT (P ) and P �= C(P )}

is a C-basis due to Theorem 4. The algorithm is depicted in Fig. 1 (right).

4 Examples

Consider an illustrative formal context [6] 〈X, Y, I〉 given by Fig. 2 (left). The set
X of objects contains objects 1, 2, . . . denoting organisms “leech”, “bream”, . . . ;
the set Y contains attributes a, b, . . . denoting certain properties of organisms,
see the comment under Fig. 2. The concept lattice B(X, Y, I) corresponding with
〈X, Y, I〉 has 19 concepts, here denoted by C0, . . . , C18:

C0 = 〈{1, 2, 3, 4, 5, 6, 7, 8}, {a}〉, C1 = 〈{1, 2, 3, 4}, {a, g}〉,
C2 = 〈{2, 3, 4}, {a, g, h}〉, C3 = 〈{5, 6, 7, 8}, {a, d}〉,
C4 = 〈{5, 6, 8}, {a, d, f}〉, C5 = 〈{3, 4, 6, 7, 8}, {a, c}〉,
C6 = 〈{3, 4}, {a, c, g, h}〉, C7 = 〈{4}, {a, c, g, h, i}〉,
C8 = 〈{6, 7, 8}, {a, c, d}〉, C9 = 〈{6, 8}, {a, c, d, f}〉,
C10 = 〈{7}, {a, c, d, e}〉, C11 = 〈{1, 2, 3, 5, 6}, {a, b}〉,
C12 = 〈{1, 2, 3}, {a, b, g}〉, C13 = 〈{2, 3}, {a, b, g, h}〉,
C14 = 〈{5, 6}, {a, b, d, f}〉, C15 = 〈{3, 6}, {a, b, c}〉,
C16 = 〈{3}, {a, b, c, g, h}〉, C17 = 〈{6}, {a, b, c, d, f}〉,
C18 = 〈{}, {a, b, c, d, e, f, g, h, i}〉.

Fig. 2 (right) depicts the concept lattice B(X, Y, I) [6].

(a) Define C so that B is C-interesting iff B = Y or |B↓| ≥ s where s is a
non-negative integer. It is easy to see that C-interesting sets form a closure
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(a) (b) (c)

(d) (e) (f)

Fig. 3. Concept lattice constrained by various closure operators

system. |B↓| ≥ s means that the number of objects sharing all attributes
from B exceeds a user-defined parameter s called support in association
rules [13]. Condition B = Y is a technical one to ensure that C-interesting
sets form a closure system. The corresponding closure operator is defined by

C(B) =
{

B if |B↓| ≥ s,
Y otherwise.

Then, the set IntC(X, Y, I) − {Y } of all C-interesting intents without Y
coincides with the set of closed frequent itemsets defined by Zaki [12] in
order to get non-redundant association rules.

(b) Define C by

C(B) =
{

B if |B| ≤ n,
Y otherwise.

That is, B ⊆ Y is C-interesting iff B contains at most n attributes or
B = Y . That is, C can be used to determine intents with at most n at-
tributes. Fig. 3 (a) depicts the situation for n = 3: “•” denote concepts of
B(X, Y, I) which are not present in BC(X, Y, I); “◦” denote C-concepts; dot-
ted lines denote edges of the original concept lattice which are not present
in BC(X, Y, I); bold solid lines denote edges which are presented in both
B(X, Y, I) and BC(X, Y, I); bold dashed lines denote new edges which are
in BC(X, Y, I) but are not in the original concept lattice.

(c) For any Z ⊆ Y , C defined by C(B) = B ∪ Z is a closure operator. This
closure operator determines intents containing Z. Notice that the boundary
cases mentioned in Remark 2 (1) are given by choices Z = ∅ and Z = Y ,
respectively. For instance, Z = {d, f} determines a constraint on “organisms
with one seed leaf that need chlorophyll to produce food”, see Fig. 3 (b).
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(d) For any Z ⊆ Y , we can define C so that B is C-interesting iff B does not
contain any attribute from Z (or B = Y ) by putting

C(B) =
{

B if B ∩ Z = ∅,
Y otherwise.

Fig. 3 (c) contains a lattice for Z = {c, e, f}.
(e) A general method for defining C is the following. Consider a binary relation

R on Y , 〈y1, y2〉 ∈ R meaning that if y1 is an attribute of a concept then y2
should also be an attribute of that concept. Now, put

Bi =
{

B if i = 0,
Bi−1 ∪ {y′ | there is y ∈ Bi−1 : 〈y, y′〉 ∈ R} if i ≥ 1,

C(B) =
⋃∞

i=0 Bi.

Since Y is finite, we have C(B) = Bi0 for some i0 ∈ N. B is C-interesting iff
all dependencies given by R are satisfied. In more detail, B is C-interesting
iff IF 〈y1, y2〉 ∈ R and y1 ∈ B THEN y2 ∈ B. Fig. 3 (d) depicts the resulting
structure for R = {〈g, b〉, 〈d, e〉}.

(f) A particular case of (e) is a constraint given by an equivalence relation
(i.e., R is reflexive, symmetric, and transitive), see also [2]. In this case,
C(B) =

⋃
{[y]R | y ∈ B}, where [y]R denotes the class of R containing y.

Fig. 3 (e) contains a structure determined by an equivalence R induced by a
partition {{a, b}, {c}, {d}, {e}, {f}, {g, h, i}}.

(g) Let T be a set of attribute implications. The system of all models of T is
a closure system [6], the corresponding closure operator C can be described
as follows [6]:

Bi =
{

B if i = 0,
Bi−1 ∪

⋃
{D | A ⇒ D ∈ T and A ⊆ Bi−1} if i ≥ 1,

C(B) =
⋃∞

i=0 Bi.

C(B) is the least model of T containing B. Hence, B is C-interesting iff B is a
model of attribute implications from T . For T = {{b, c}⇒{h}, {d}⇒{c}},
the resulting structure in depicted in Fig. 3 (f). Notice that this type of
definition of a closure operator is, in fact, the most general one, because each
closure operator on a finite set of attributes can be completely described by
a set of attribute implications (i.e., the fixed points of C are exactly the
models of some set of attribute implications).

Consider a closure operator C such that C(B) = B (B ∈ 2Y ). Let T be the
C-basis given by (8). Since C is an identical operator, T is a basis of the concept
lattice B(X, Y, I). In this particular case, T is the following:

T = {{a, b, c, g, h, i}⇒Y, {a, b, d}⇒{a, b, d, f}, {a, c, d, e, f}⇒Y,

{a, c, g}⇒{a, c, g, h}, {a, d, g}⇒Y, {a, e}⇒{a, c, d, e}, {a, f}⇒{a, d, f},
{a, h}⇒{a, g, h}, {a, i}⇒{a, c, g, h, i}, {}⇒{a}}.

If we define C as in Example (b), T defined by (8) is a C-basis of the constrained
lattice of C-concepts depicted in Fig. 3 (a):
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T = {{a, b, d}⇒Y, {a, c, g}⇒Y, {a, d, g}⇒Y, {a, e}⇒Y, {a, f}⇒{a, d, f},

{a, h}⇒{a, g, h}, {a, i}⇒Y, {}⇒{a}}.

Observe that since C determines concepts with at most three attributes, each
implication in the latter T has at most three attributes on both sides of “⇒” or
the right-hand side of the implication consists of the whole set of attributes Y .

5 Further Issues

For limited scope, we did not present the following topics some of which will
appear in a full paper or are subject of future research:

– Interactive specification of constraining closure operators. An expert might
not be able to explicitly describe a constraining closure operator. However,
he/she is usually able to tell which formal concepts from the whole B(X, Y, I)
are interesting. If I is a subset of B(X, Y, I) identified as (examples of) inter-
esting formal concepts, an important problem is to describe a possibly largest
closure operator C such that each 〈A, B〉 ∈ I is C-interesting. Namely,
putting C1 ≤ C2 iff for each B ∈ 2Y we have C1(B) ⊆ C2(B) for closure
operators C1 and C2, we have C1 ≤ C2 iff fix(C2) ⊆ fix(C1) where fix(Ci) is
a set of all fixed points of Ci. Therefore, since we require B ∈ fix(C) for each
〈A, B〉 ∈ I, larger C means a better approximation of I by BC(X, Y, I). The
problem is to find a tractable description of C. For instance, if C is supposed
to be given by an equivalence relation R, see Section 4 (e), then given I,
the largest closure operator C we look for is the one induced by a relation
R = RI where

〈y1, y2〉 ∈ RI iff for each 〈A, B〉 ∈ I : y1 ∈ B iff y2 ∈ B.

Then, one can present BC(X, Y, I) to the expert who might then revise the
selection of I, etc., to finally arrive at a satisfactory closure operator C.

– Entailment of constraints. Intuitively, a constraint C1 (semantically) entails
a constraint C2 iff each B ⊆ Y satisfying C1 satisfies C2 as well. A study
of entailment is important for obtaining small descriptions of constraining
closure operators.

– More detailed results and more efficient algorithms for particular closure
operators can be obtained (we omit details).
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